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Abstract
We give a complete characterization of a certain class of quasi-Baer rings which have a sheaf
representation (by a \sheaf representation" of a ring the authors mean a sheaf representation
whose base space is Spec(R) and whose stalks are the quotients R=O(P), where P is a prime
ideal of R and O(P)=fa 2 R j aRs=0 for some s 2 RnPg). Indeed, it is shown that a quasi-Baer
ring R with a complete set of triangulating idempotents has such a sheaf representation if and
only if R is a nite direct sum of prime rings. As an immediate corollary, a piecewise domain
R has such a sheaf representation if and only if R is a nite direct sum of prime piecewise
domains. Also it is shown that if R is a quasi-Baer ring, then R=O(P) is a right ring of fractions;
in addition, if R is neither prime nor essentially nilpotent then R has a nontrivial representation
as a subdirect product of the rings R=O(P), where P varies through the minimal prime ideals of
R. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: 16S60; 16D70
0. Introduction
Throughout all rings are assumed to be associative rings with unity, and a prime
ideal of R will always be a proper ideal of R. Let S be a nonempty subset of a
ring R. P(R); r(S), and ‘(S) denote the prime radical of R, right annihilator of S,
and the left annihilator of S, respectively. From [10,17], a ring R is (quasi-) Baer if
the right annihilator of every (right ideal) nonempty subset of R is generated by an
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idempotent. The denition is left{right symmetric. The following examples will give
some indication of the wide application of these rings: (i) von Neumann algebras, such
as the algebra of all bounded operators on a Hilbert space, are Baer rings [1, pp. 21
and 24]; (ii) the commutative C-algebra C(T ) of continuous complex valued functions
on a Stonian space is a Baer ring [1, p. 40]; (iii) the ring of all endomorphisms of
an abelian group G with G = D  E, where D 6= 0 is torsion-free divisible and E is
elementary, is a Baer ring [24]; (iv) any right self-injective von Neumann regular ring
is Baer [27]; (v) any prime ring is quasi-Baer; (vi) since an n  n matrix ring over
a quasi-Baer ring is quasi-Baer [23], the n  n (n> 1) matrix ring over a non-Prufer
commutative domain is a prime quasi-Baer ring which is not a Baer ring [17, p. 17];
(vii) since an nn upper triangular matrix ring over a quasi-Baer is a quasi-Baer ring
[23], the n  n (n> 1) upper triangular matrix ring over a domain, which is not a
division ring, is quasi-Baer but not Baer [17, p. 16]; (viii) semiprime right FPF rings
are quasi-Baer [13].
Quasi-Baer rings were initially considered by Clark [10] and used to characterize
a nite dimensional algebra over an algebraically closed eld as a twisted semigroup
algebra of a matrix units semigroup. Then various useful properties of quasi-Baer rings
were investigated in [3,4,23]. Recently, Birkenmeier et al. [7] obtained a structure
theorem, via triangulating idempotents, for an extensive class of quasi-Baer rings which
includes all piecewise domains.
The set of all (minimal) prime ideals of a ring R will be denoted by (Min)Spec(R).
For a subset S of R, let supp(S) = fP 2 Spec(R) j S * Pg. In case S = fsg, we write
supp(s). For any P 2 Spec(R), there is s 2 R n P and so the family fsupp(s) j s 2 Rg
covers Spec(R). Also for P 2 supp(x) \ supp(y); d = xcy 62 P for some c 2 R and
thus P 2 supp(d) supp(x) \ supp(y). Therefore fsupp(s) j s 2 Rg forms a base (for
open sets) on Spec(R). This induced topology on Spec(R) is called the hull-kernel
topology on Spec(R). From Dauns and Hofmann [11, p. 76], Spec(R) is a compact
space.
For a prime ideal P of R, denote O(P) = fa 2 R j aRs = 0; for some s 2 R n Pg
(equivalently, fa 2 R j r(aR)* Pg). Observe that O(P) is an ideal of R and O(P)P.
Let K(R) =
S
R=O(P) be the disjoint union of rings R=O(P) with P 2 Spec(R). For
each a 2 R, let a^ : Spec(R) ! K(R) be dened by a^(P) = a + O(P). Then K(R)
is a sheaf of rings over Spec(R) with the topology on K(R) generated by a base
fa^(supp(s)) j a; s 2 Rg, and a^ is a global section for a 2 R (see [22, 3:1] for denitions
and [16] for more details). Here note that for each P 2 Spec(R); R=O(P) is a stalk. In
this paper by a sheaf representation of a ring the authors mean a sheaf representation
whose base space is Spec(R) and whose stalks are the quotients R=O(P).
Now let  (Spec(R);K(R)) be the set of all global sections. Then it becomes a ring.
The map  : R !  (Spec(R);K(R)) dened by (a) = a^ is a ring homomorphism
which is called the Gelfand homomorphism, with kernel
T
P2Spec(R)O(P), which is 0
because R has a unity (see Lemma 3.1). Therefore  is a monomorphism.
Koh [18] has shown that the map  is an isomorphism when R is reduced, Lambek
[20] for symmetric rings, Koh [19] for strongly harmonic rings, Hofmann [16, 1:17] for
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semiprime rings, in particular, for biregular rings, and Shin [26] for pseudo symmetric
rings. In [29], Sun provides a common generalization of the above-mentioned results
of Hofmann, Koh, and Lambek.
One can observe that both the class of biregular rings and the class of quasi-Baer
rings are contained in the class of rings in which the right annihilator of every principal
ideal is generated by an idempotent as a right ideal (we say rings in this class are
right p.q.-Baer and investigate them in a forthcoming paper). Thus it is not unnatural
to attempt to apply sheaf theoretic methods to the class of quasi-Baer rings. We rst
show that for a quasi-Baer ring the stalks R=O(P) are rings of fractions. Next we show
that a nonprime quasi-Baer ring R, which is not essentially nilpotent, has a nontrivial
representation as a subdirect product of R=O(P) where P ranges through MinSpec(R).
Thus semiprime quasi-Baer rings have this nontrivial subdirect product representation.
Finally we obtain our main result, whereby we give a complete characterization of
quasi-Baer rings with a complete set of triangulating idempotents which have  as
an isomorphism (i.e., a sheaf representation). As an immediate corollary, a piecewise
domain has such a sheaf representation if and only if it is a nite direct sum of prime
piecewise domains.
1. Preliminaries
An idempotent e of a ring R is called left (resp. right) semicentral if ae=eae (resp.
ea = eae) for all a 2 R. It can be easily checked that an idempotent e of R is left
(resp. right) semicentral if and only if eR (resp. Re) is an ideal. Also note that an
idempotent e is left semicentral if and only if 1− e is right semicentral. See [7], for a
more detailed account of semicentral idempotents. Thus for a left (resp. right) ideal I
of a ring R, if ‘(I) = Re (resp. r(I) = eR) with an idempotent e, then e is right (resp.
left) semicentral, since Re (resp. eR) is an ideal. Thus for a left (resp. right) ideal I
of a quasi-Baer ring R with ‘(I) = Re (resp. r(I) = eR) for some idempotent e 2 R, it
follows that e is a right (resp. left) semicentral idempotent.
For a ring R; Sl(R) (resp. Sr(R)) denotes the set of all left (resp. right) semicentral
idempotents of R. We say an idempotent e of R is semicentral reduced if Sl(eRe) =
f0; eg. Note that Sl(eRe) = f0; eg if and only if Sr(eRe) = f0; eg. If 1 is semicentral
reduced, then we say that R is semicentral reduced.
Lemma 1.1. A ring R is prime if and only if R is quasi-Baer and semicentral reduced.
Proof. Clearly a prime ring is quasi-Baer and semicentral reduced. Conversely, assume
R is quasi-Baer and semicentral reduced. Let X and Y be ideals of R such that XY =0.
There exists an idempotent e 2 R such that r(X ) = eR. So e is a left semicentral
idempotent, hence e = 0 or e = 1. If e = 0, then Y = 0; and if e = 1, then X = 0.
Therefore R is a prime ring.
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Denition 1.2 (Birkenmeier et al. [7]). We say that a ring R has a set of left (resp.
right) triangulating idempotents if there exists an ordered set fb1; : : : ; bng of nonzero
distinct idempotents such that:
(i) 1 = b1 +   + bn;
(ii) b1 2Sl(R) (resp. b1 2Sr(R));
(iii) bk+1 2 Sl(ckRck) (resp. bk+1 2 Sr(ckRck)) where ck = 1 − (b1 +    + bk) for
1  k  n− 1.
It follows from the denition that a set of left (resp. right) triangulating idempotents
is a set of pairwise orthogonal idempotents. As is indicated in Proposition 1:3 of [7],
a set of left triangulating idempotents determines a generalized upper triangular matrix
representation of the ring. Such a set of triangulating idempotents is called a complete
set of left (resp. right) triangulating idempotents if each idempotent of the set is also
semicentral reduced.
Lemma 1.3 (Birkenmeier [7, Lemma 2:8, Theorems 2:9 and 2:10]). The following are
equivalent:
(i) R has a complete set of left triangulating idempotents;
(ii) fbR j b 2Sl(R)g is a nite set;
(iii) R has a complete set of right triangulating idempotents.
Furthermore; if fb1; : : : ; bng and fc1; : : : ; ckg are complete sets of left triangulating
idempotents; then k=n. Also for b 2Sl(R); bR=
P
i2 biR for a subset f1; : : : ; ng.
From Lemma 1.3 we see that the number of idempotents in a complete set of left
triangulating idempotents is unique. Moreover, Corollary 1:7 and Theorem 2:10 of [7]
yield that the number of idempotents in a complete set of left triangulating idem-
potents is the same as for a complete set of right triangulating idempotents. Thus
we can say a ring R has triangulating dimension n, Tdim(R) = n, if R has a com-
plete set of left triangulating idempotents with n elements. Also from now on, we say
that R has a complete set of triangulating idempotents if R has a complete set of
left (or right) triangulating idempotents. Note R is semicentral reduced if and only if
Tdim(R) = 1.
Corollary 1.4. Assume that R is a ring with a complete set of triangulating idempo-
tents. Then for any nonzero left (or right) semicentral idempotent e of R; the ring
eRe also has a complete set of triangulating idempotents.
Proof. Assume e is left semicentral. Observe that ebe 2 Sl(R) if b 2 Sl(R). Dene
a function  : fbR j b 2 Sl(R)g ! fd(eRe) jd 2 Sl(eRe)g by (bR) = (ebe)(eRe).
Then since Sl(eRe)Sl(R), it follows that  is onto. By Lemma 1.3, since fbR j b 2
Sl(R)g is nite, so is the set fd(eRe) jd 2 Sl(eRe)g. Thus by Lemma 1.3, the ring
eRe has a complete set of triangulating idempotents. Similarly, if e is right semicentral,
the ring eRe also has a complete set of triangulating idempotents.
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Recall that a ring R is said to have a complete set of primitive idempotents if there
exists a nite set of primitive pairwise orthogonal idempotents fe1; : : : ; eng such that
1 = e1 +    + en. Also a ring R is called orthogonally nite if there does not exsit
innitely many pairwise orthogonal idempotents in R. Note that an orthogonally nite
ring has a complete set of primitive idempotents. Moreover, by Proposition 2:14(i)
of [7], a ring with a complete set of primitive idempotents has a complete set of
triangulating idempotents.
There is a quasi-Baer ring which does not have a complete set of triangulating
idempotents. Indeed, for a eld F , let R be an innite direct product of F . Then R
is quasi-Baer, but there does not exist a complete set of triangulating idempotents in
R. Also there is a quasi-Baer ring with a complete set of triangulating idempotents
but without a complete set of primitive idempotents: let V be an innite dimensional
vector space over a eld F . Then R=EndF(V ) is a prime ring. So by Lemma 1.1, R is
a semicentral reduced quasi-Baer ring and hence R has a complete set of triangulating
idempotents. But there does not exist a complete set of primitive idempotents in R.
Moreover, there is a quasi-Baer ring with a complete set of primitive idempotents,
which is not orthogonally nite. By [25] there is a domain D such that Mat2(D) is not
directly nite. So there are a; b 2 Mat2(D) such that ab = 1 and ba 6= 1. Obviously,
Mat2(D) is quasi-Baer. Also
1 0
0 0

and

0 0
0 1

form a complete set of primitive idempotents. But the elements bn(1− ba)an form an
innite set of pairwise orthogonal idempotents (See also [9, p. 113]).
Denition 1.5. For a ring R a left (resp. right) semicentral idempotent e(6= 1) is called
maximal if eRfR (resp. ReRf) with f a left (resp. right) semicentral idempotent,
then either fR= R or fR= eR (resp. Rf = R or Rf = Re).
Note that by Lemma 1.3, in a ring with a complete set of triangulating idempotents,
there always exist maximal left (or right) semicentral idempotents.
For a quasi-Baer ring with a complete set of triangulating idempotents, we have the
following lemma from the structure theorem in [7, Theorem 4:4].
Lemma 1.6. Assume that R is a quasi-Baer ring with a complete set of triangulating
idempotents and Tdim(R) = n. Then either R is prime in case n = 1 or there exist
exactly n minimal prime ideals; and these are mutually comaximal in case n  2.
2. O(P) and R=O(P)
In this section, we develop some useful properties of O(P) and R=O(P) for our main
result in the next section.
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Proposition 2.1. Let R be a quasi-Baer ring and P a prime ideal. Then O(P)=
P
Rf;
where the sum is taken for all right semicentral idempotents f of R such that f 2 P.
Proof. Note that O(P) =
S
s2RnP ‘(Rs), and hence O(P) =
P
s2RnP ‘(Rs). Since R is
quasi-Baer, ‘(Rs) = Rf for some idempotent f. In this case, f is right semicentral.
Also since fRs=0 and s 62 P, it follows that f 2 P. Next assume that f 2 P is a right
semicentral idempotent. Then since fR(1− f) = fRf(1− f) = 0 and 1− f 2 R n P,
it follows that f 2 O(P). Thus we get the desired result.
Corollary 2.2. Let R be a quasi-Baer ring. If P and Q are prime ideals such that
QP; then O(Q) = O(P).
Proof. In general O(P)O(Q) by denition. From Proposition 2.1, O(Q)O(P).
Thus O(Q) = O(P).
Corollary 2.3. Assume R is a quasi-Baer ring with a complete set of triangulating
idempotents and P is a prime ideal. Then O(P) = Re for some right semicentral
idempotent e of R.
Proof. By Lemma 1.3 and Proposition 2.1, O(P)=Rf1+  +Rfk , where ff1; : : : ; fkg
is a nite subset of Sr(R). Now, in this case, observe that f1 + f2 − f1f2 2 Sr(R)
and Rf1 + Rf2 = R(f1 + f2 − f1f2). By iterating this procedure, there is a right
semicentral idempotent e such that O(P) = Rf1 +   + Rfk = Re.
In the following two results we use the terminology of [27, pp. 50{52].
Proposition 2.4. Let P be a prime ideal of a ring R and SP = fe 2 R j e is a left
semicentral idempotent such that e 62 Pg. Then SP is a right denominator set.
Proof. (i) Obviously 1 2 SP .
(ii) SP is multiplicatively closed. Suppose that e; f 2 SP and ef 2 P. Observe that
efef = fef = ef, so ef is an idempotent. Then efRfP. Therefore eRfP, a
contradiction. Hence ef 62 P.
(iii) (S1): Let e 2 SP and a 2 R. Then e(ae) = ae.
(iv) (S2): Let e 2 SP and a 2 R such that ea = 0. Then a = (1 − e)a. Hence
ae = (1− e)ae = (1− e)eae = 0.
By Proposition 2.4 and [27, Proposition 1:4] for a prime ideal P of R, then R[S−1P ]
is a right ring of fractions of R.
Theorem 2.5. Let R be a quasi-Baer ring. For a prime ideal P of R; R[S−1P ] =
R=O(P).
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Proof. Clearly fa 2 R j aRe=0; for some e 2 SPgfa 2 R j ae=0; for some e 2 SPg.
Let a 2 R such that ae=0 for some e 2 SP . Then a= a(1− e). So aRe= a(1− e)Re=
a(1− e)eRe = 0. Thus fa 2 R j aRe = 0, for some e 2 SPg= fa 2 R j ae = 0; for some
e 2 SPgO(P). Now take f 2 O(P) \Sr(R). Then 1 − f 62 P and 1 − f 2 Sl(R).
Hence 1 − f 2 SP . So f 2 fa 2 R j ae = 0; for some e 2 SPg. By Proposition 2.1,
O(P)fa 2 R j ae = 0; for some e 2 SPg. Therefore O(P) = fa 2 R j ae = 0; for some
e 2 SPg.
Since R[S−1P ] is the right ring of fractions with the right denominator set SP , there is
a ring homomorphism ’ : R! R[S−1P ] and R[S−1P ]=f’(a)’(e)−1 j a 2 R and e 2 SPg.
Also since O(P) = fa 2 R j ae = 0; for some e 2 SPg, it follows that the kernel of
’ is O(P). Moreover, for each e 2 SP , note that ’(e) is an idempotent in R[S−1P ]
which is invertible. Therefore ’(e) = 1 for every e 2 SP . So R[S−1P ] = ’(R) which is
a homomorphic image of R with the kernel O(P). Therefore R[S−1P ] = R=O(P).
Corollary 2.6. For a quasi-Baer ring R with a prime ideal P; we have the following:
(i) R=O(P) is at as a left R-module and so O(P) is pure as a left ideal of R;
(ii) r:gl:dim R=O(P)  r:gl:dim R;
(iii) w:r:gl:dim R=O(P)  w:r:gl:dim R;
where r:gl:dim and w:r:gl:dim denote the right global dimension and the weak right
global dimension; respectively.
Proof. It follows immediately from Theorem 2.5 and [27, Proposition 3:5, p. 57, Propo-
sition 3:10, p. 232].
In the next result we investigate conditions for which a ring R being (quasi-) Baer
implies R=O(P) is (quasi-) Baer. Note that, in general, R being (quasi-) Baer does not
imply R=I is (quasi-) Baer for an ideal I of R. For an example, the ring Z of integers
is Baer, but the ring Z=4Z is not (quasi-)Baer.
Proposition 2.7. For a ring R with a prime ideal P; we have the following:
(i) If R is a (quasi-) Baer ring with a complete set of triangulating idempotents;
then R=O(P) is a (quasi-) Baer ring;
(ii) If R is a Baer ring; then R=O(P) is a right PP ring.
Proof. (i) First assume R is quasi-Baer. Recall that O(P) = Re for some right semi-
central idempotent e by Corollary 2.3. So eR(1 − e) = eRe(1 − e) = 0. Therefore
R=O(P) = (1−e)R(1−e). Hence if R is quasi-Baer, then so is R=O(P) by [10, Lemma
2]. When R is Baer use a similar method of proof as above with [17, Theorem 4].
(ii) Assume that x+O(P) 2 R=O(P). Let r(x)=fR with f=f2 2 R. Now we claim
that r(x+O(P))=(f+O(P))(R=O(P)). Obviously, (f+O(P))(R=O(P)) r(x+O(P)).
Now, assume that b+O(P) 2 r(x+O(P)). Then (x+O(P))(b+O(P))=0, so xb 2 O(P).
Thus there exists e 2 SP such that xbRe = 0. Hence xbe = 0. So be 2 fR and thus
be=fy for some y 2 R. From the proof of Theorem 2.5, ’(b)’(e)=’(f)’(y), hence
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’(b) = ’(f)’(y) 2 ’(f)’(R). Thus b + O(P) = (f + O(P))(y + O(P)). Therefore
r(x + O(P)) = (f + O(P))(R=O(P)), and hence R=O(P) is right PP ring.
3. Representations
Recall a ring R has a representation as a subdirect product of rings Si (called
components), i 2 I , if and only if Si = R=Ki, where Ki is an ideal of R and
T
i2I Ki=0.
The representation is called trivial if Ki = 0 for at least one i 2 I and nontrivial
otherwise [21, p. 53].
We begin this section by showing that every ring R has a representation as a sub-
direct product of the rings R=O(P), where P ranges through all prime ideals of R.
Unfortunately, the signicance of this representation is lost in the fact that it is trivial
if O(P) = 0, for some prime ideal P of R (see Example 3.2). We then investigate the
condition O(P) = 0 and specialize to the class of quasi-Baer rings. Thereby we are
able to show that a nonprime quasi-Baer ring, which is not essentially nilpotent, has a
nontrivial representation as a subdirect product of right rings of fractions. In our main
theorem we are able to improve this representation to a characterization of a sheaf
representation for a certain class of quasi-Baer rings. The proof of the following result
is an adaptation of Lemma 3:4 of [26].
Lemma 3.1. A ring R has a representation as a subdirect product of the rings R=O(P);
where P ranges through all prime ideals of R.
The following example shows that, in general, the representation of Lemma 3.1 may
be trivial even when there are only nitely many prime ideals. Moreover, the niteness
of the number of prime ideals does not ensure that the representation will be a direct
sum.
Example 3.2. For a eld F , let
R=

F F
0 F

:
Then R is quasi-Baer and there are only two prime ideals which are
P =

F F
0 0

and Q =

0 F
0 F

:
In this case, O(P)=0 and O(Q)=Q, so R cannot be isomorphic to R=O(P)R=O(Q).
Thus to guarantee the nontriviality of the subdirect product representation of Lemma
3.1, we now investigate the condition O(P)=0 for some prime ideal P (this condition
is sometimes called \prime-torsion free" [20]).
Lemma 3.3. Let P be a nonzero prime ideal of R such that O(P) = 0.
(i) If X is a nonzero right ideal of R; then r(X )P.
(ii) P is left essential in R.
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(iii) Let K be a nonzero left ideal of R with ‘(K) 6= 0. Then
(a) K P;
(b) if ‘(‘(K)) 6= 0; then ‘(K)P and P is right essential in R;
(c) if ‘(‘(K)) = 0; then K[‘(K)] is a nonzero nilpotent ideal of R.
(iv) If P is a minimal prime ideal and Q is a prime ideal of R such that Q 6= P;
then ‘(Q) = 0. Hence Q is right essential in R.
Proof. (i) Assume a 2 r(X ) such that a 62 P. Then XRa= 0. So X O(P), a contra-
diction.
(ii) Let L be a left ideal of R such that L\P=0. Then PLL\P=0. So L r(P).
By part (i), LP. Therefore, L= 0.
(iii) From part (i), K  r(‘(K))P. Similarly, for ‘(‘(K)) 6= 0, then ‘(K)
r(‘(‘(K)))P. Hence KR + ‘(K) = KR + ‘(KR)P. Now an argument similar to
part (ii) yields P is right essential in R. Part (c) is immediate.
(iv) This part is a consequence of part (iiia).
Proposition 3.4. Let R be a quasi-Baer ring and P a prime ideal such that O(P)=0.
If K is a left ideal of R; then exactly one of the following conditions is satised:
(i) ‘(K) = 0; or
(ii) K P; ‘(‘(K)) = 0 and K[‘(K)] is a nonzero nilpotent ideal of R.
Proof. Assume ‘(K) 6= 0. By Lemma 3.3(iii) K P. There exists e = e2 such that
‘(K)=Re. Then (1− e)R= r(Re)P, by Lemma 3.3(i). Hence e 62 P. So ‘(K)* P.
Lemma 3.3(iii) yields ‘(‘(K)) = 0. Observe ‘(‘(K)) = 0 implies ‘(K) 6= 0.
Corollary 3.5. R is a prime ring if and only if it satises all of the following conditions:
(i) O(P) = 0; for some prime ideal P of R;
(ii) R is a semiprime quasi-Baer ring.
Proof. Assume R is prime. Then O(0)=0 and R is semiprime. Lemma 1.1 shows that
R is quasi-Baer. Conversely, assume (i) and (ii). Since R is semiprime, only part (i)
of Proposition 3.4 holds. Hence R is prime.
We say an ideal I is ideal essential in R if I has nonzero intersection with every
nonzero ideal of R.
Corollary 3.6. Let R be a nonprime quasi-Baer ring with a prime ideal P such that
O(P) = 0. Then
(i) every left semicentral idempotent; not equal to 1; is contained in P; hence SP =
f1g;
(ii) P(R) is ideal essential in R; hence every nonzero ideal of R contains a nonzero
nilpotent ideal of R.
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Proof. (i) Let f be a left semicentral idempotent such that f 6= 1. Then 1 − f
is a nonzero right semicentral idempotent and fR(1 − f) is an ideal of R. Since
fR(1 − f)P, Proposition 2.1 yields that 1 − f 62 P. Then f 2 P. By Proposition
2.4, SP = f1g.
(ii) By Corollary 3.5, P(R) 6= 0. Let I be a nonzero ideal of R such that I\P(R)=0.
Then ‘(I) 6= 0. By Proposition 3.4(ii), 0 6= I [‘(I)] I\P(R), a contradiction. Therefore
I \ P(R) 6= 0.
Note that rings satisfying condition (ii) of Corollary 3.6, are called essentially nilpo-
tent in [14]. This class of rings was further investigated in [5,6,12].
Another way of improving the subdirect product representation of Lemma 3.1, is
to minimize the number of component rings. Thus it is natural to ask: under what
conditions does
T
P2MinSpec(R)O(P) = 0? Our next example shows that the 2-primal
ring condition (i.e., P(R) equals the set of all nilpotent elements of R) is not enough
to ensure
T
P2MinSpec(R)O(P) = 0.
Example 3.7. Assume that Z2 is the eld of two elements. Let R be the Dorroh
extension of
S =

Z2 Z2
0 0

by Z (i.e., the ring with unity formed from S  Z with componentwise addition and
with multiplication given by (x; k)(y;m) = (xy + mx + ky; km)). Then it can be easily
veried that R is a 2-primal ring.
For our convenience, let
e1 =

1 0
0 0

and e2 =

0 1
0 0

in S. Consider e=(e1; 0) 2 R. Then e is a left semicentral idempotent in R, and hence
(1− e)Re = 0. Also eRe = (Z2e1; 0); eR(1− e) = (Z2e2; 0) = P(R), and (1− e)R(1−
e) = f(me1; m) jm 2 Zg, where P(R) denotes the prime radical of R. Now since
R =
 
eRe eR(1− e)
0 (1− e)R(1− e)
!
;
all the possible minimal prime ideals of R are Q1 + eR(1 − e) + (1 − e)R(1 − e)
and eRe + eR(1 − e) + Q2, where Q1 and Q2 are minimal prime ideals of eRe and
(1− e)R(1− e), respectively. By observing that eRe = Z2 and (1− e)R(1− e) = Z, it
follows that Q1 = 0 and Q2 = 0. Therefore
P1 = f(me1 + be2; m) jm; b 2 Zg
and
P2 = (Z2e1 + Z2e2; 0)
are all the minimal prime ideals of R.
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Now take  = (e2; 0) 2 R. Then R = (Z2e2; 0). Let s1 = (e1; 0) and s2 = (0; 2).
Then Rs1 = 0 with s1 2 R n P1 and Rs2 = 0 with s2 2 R n P2. So it follows thatT
P2MinSpec(R)O(P) 6= 0. Furthermore, O(P1) = P1 and O(P2) = P2. Thus
T
P2MinSpec(R)
O(P) = P(R).
Lemma 3.8. If R is a quasi-Baer ring; then R is a subdirect product of R=O(P); where
P ranges through all minimal prime ideals.
Proof. For a minimal prime ideal P of R, we have that O(P)=O(Q) for every prime
ideal Q of R containing P, by Corollary 2.2. Therefore we have that
T
P2Spec(R)O(P)=T
P2MinSpec(R)O(P). Now Lemma 3.1 yields the result.
By Proposition 2.7 and Lemma 3.8, if R is a quasi-Baer ring with a complete set of
triangulating idempotents, then R is a subdirect product of quasi-Baer rings R=O(P),
where P ranges through all minimal prime ideals. So one may suspect that any subdirect
product of quasi-Baer rings is a quasi-Baer ring. But the following example eliminates
this possibility.
Example 3.9. Let R be the ring as in Example 3.7, and consider two ideals I1 =
(Z2e2; 0) and I2 =(0; 2Z) of R. Then R=I1 = (Z2e1;Z) and R=I2 = (Z2e1 +Z2e2;Z2) are
quasi-Baer rings by Theorem 4:11(iii) in [7]. Since I1\ I2 =0; R is a (nite) subdirect
product of quasi-Baer rings, but R is not quasi-Baer by Lemma 3.8 and Example 3.7
The previous results now culminate in the following theorem:
Theorem 3.10. Let R be a nonprime quasi-Baer ring. If P(R) is not ideal essential
in R; then R has a nontrivial representation as a subdirect product of the right rings
of fractions R[S−1P ]; where P ranges through all minimal prime ideals.
Proof. This result is a consequence of Theorem 2.5, Corollary 3.6, and Lemma 3.8.
Corollary 3.11. Let R be a nonprime quasi-Baer ring. If R is a semiprime ring; then
R has a nontrivial representation as a subdirect product of the right rings of fractions
R[S−1P ]; where P ranges through all minimal prime ideals.
Theorem 3.10 and Corollary 3.11 motivate the following questions: (1) Can the sub-
direct product representation be improved to a sheaf representation? (2) The semiprime
condition insures a \good" representation (i.e., nontrivial subdirect product), so can a
\good" representation imply semiprimeness? Our main result will provide armative
answers to these questions by giving a complete characterization of a certain class of
quasi-Baer rings for which  is an isomorphism, thereby presenting the aforementioned
sheaf representation.
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Theorem 3.12. The following conditions are equivalent:
(i) R is a quasi-Baer ring with a complete set of triangulating idempotents and
 : R =  (Spec(R);K(R)).
(ii) R is a nite direct sum of prime rings.
(iii) R is a semiprime quasi-Baer ring with a complete set of triangulating idempo-
tents.
Proof. (i))(ii): Let Tdim(R) = n. If n = 1, then R is prime by Lemma 1.1 and so
we are done. So now suppose that n  2. Then R has a nontrivial left semicentral
idempotent. By Lemma 1.6, there are only nitely many minimal prime ideals of R,
say P1; P2; : : : ; Pn and these are comaximal.
For each i = 1; 2; : : : ; n, let Ai = fP 2 Spec(R) jPiPg. Then Spec(R) = A1 [
A2 [    [An since fP1; P2; : : : ; Png is the set of all minimal prime ideals. Also since
Pi+Pj=R for i 6= j, it follows that Ai \Aj=; for i 6= j. By the hull-kernel topology
dened on Spec(R), each Ai is a closed subset of Spec(R). Hence for i = 1; 2; : : : ; n,
A1 [    [Ai−1 [Ai+1 [    [An is closed, and so each Ai is open. Therefore each
Ai is clopen in Spec(R).
Dene f : Spec(R) ! K(R) such that f(P) = 1 + O(P) for P 2 A1, and f(P) =
0 + O(P) for P 2 Ak with k 6= 1. We claim that f is a continuous function.
First, take P 2 A1. Then f(P) = 1 + O(P) 2 K(R). Consider a basic neighborhood
r^(supp(s)) with r; s 2 R containing f(P) = 1 + O(P) in K(R). Then supp(s) \ A1
is an open subset of Spec(R) such that P 2 supp(s) \ A1. Now for M 2 supp(s) \
A1; f(M)=1+O(M) 2 R=O(M). Since 1+O(P) 2 r^(supp(s)); 1+O(P)= r+O(P)
and so r − 1 2 O(P). But note that O(P1) = O(P) = O(M) by Corollary 2.2, and
hence r − 1 2 O(M). Thus f(M) = 1 + O(M) = r + O(M) 2 r^(supp(s)). Therefore
f(supp(s) \ A1) r^(supp(s)). Similarly, for P 2 Ak with k 6= 1 and f(P) = 0 +
O(P) 2 r^(supp(s)), we can show that f(supp(s) \Ak) r^(supp(s)). Consequently, f
is a continuous function.
Since R =  (Spec(R);K(R)), there exists a 2 R such that f = a^. Therefore, a +
O(P1)=1+O(P1), and a+O(Pk)=0+O(Pk) for each k 6= 1. So 1−a 2 O(P1) and a 2
O(Pk) for k 6= 1. Thus O(P1)+O(Pk)=R for each k 6= 1. Similarly, it can be checked
that O(Pi) + O(Pj) = R for i 6= j; 1  i; j  n. Since 0 = O(P1) \ O(P2) \    \O(Pn)
by Lemma 3.8, we have
R = R=O(P1) R=O(P2)     R=O(Pn)
by the Chinese Remainder Theorem. By Corollary 2.3, O(P1) = Re for some right
semicentral idempotent e. Then note that eR(1− e) = eRe(1− e) = 0. Thus R=O(P1) =
(1− e)R(1− e).
Our claim is that there does not exist a nontrivial right semicentral idempotent
in the ring (1 − e)R(1 − e), i.e., Sr((1 − e)R(1 − e)) = f0; 1 − eg. Assume to the
contrary that there exists a nontrivial right semicentral idempotent (1 − e)b(1 − e) in
the ring (1 − e)R(1 − e). By [10, Lemma 2] and Corollary 1.4, (1 − e)R(1 − e) is
also a quasi-Baer ring with a complete set of triangulating idempotents. Hence we
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may assume, by Lemma 1.3, that 0 6= (1− e)b(1− e) is a maximal right semicentral
idempotent in (1 − e)R(1 − e). So in this case [(1 − e)R(1 − e)](1 − e)b(1 − e) is a
nonzero proper ideal of the ring (1− e)R(1− e).
Now observe that g = e + (1 − e)b(1 − e) is a right semicentral idempotent in R.
We will show that g is a maximal right semicentral idempotent of R. Assume  is a
right semicentral idempotent of R such that gR R and R 6= R. Since R= eRe+(1−
e)Re + (1 − e)R(1 − e), there exist k 2 (1 − e)Re and b 2 (1 − e)R(1 − e), where b
is a right semicentral idempotent of (1 − e)R(1 − e) such that  = e + k + b. This is
easily seen by observing that
R =

eRe 0
(1− e)Re (1− e)R(1− e)

:
From the maximality of (1−e)b(1−e), then b=(1−e)b(1−e). By calculation g=.
But gR R implies g= g. Hence = g.
Next note that f1; 1 − gg forms a multiplicatively closed subset of R. By Zorn’s
lemma, there is an ideal Q of R maximal with respect to being disjoint with f1; 1−gg.
Then Q is a prime ideal of R. Since gR(1−g)=gRg(1−g)=0 and 1−g 62 Q, it follows
that g 2 Q. Now since g is a maximal right semicentral idempotent of R and g 2 Q, we
have O(Q)=Rg by Corollary 2.3. Of course, Re( Rg and hence Q 62 A1 by Corollary
2.2. So Q 2 Ak for some k 6= 1, and so O(Q) = O(Pk). Now R = O(P1) + O(Pk) =
Re+Rg=Rg, which is a contradiction. Therefore Sr((1− e)R(1− e))=f0; 1− eg, and
thus R=O(P1) = (1− e)R(1− e) is a prime ring by Lemma 1.1, since (1− e)R(1− e)
is a quasi-Baer ring. Similarly each R=O(Pi) is a prime ring for i = 2; : : : ; n. Thus the
ring
R = R=O(P1) R=O(P2)     R=O(Pn)
is a nite direct sum of prime rings.
(ii))(iii): This implication is straightforward.
(iii))(i): This implication follows from [16, Theorem 1:17].
We note that in [28], Sun develops a sheaf representation for a certain class of
\weakly Baer" rings (i.e., R is weakly Baer if the left annihilator of a principal ideal
is generated by a central idempotent). However his development is distinct from ours
as can be seen by observing that every weakly Baer ring is semiprime which is not
the case for the class of quasi-Baer rings (see Example 3.2).
It is easily seen that if R is a semiprime ring then any right (or left) semicentral
idempotent is a central idempotent. Hence in a semiprime ring, a complete set of
triangulating idempotents is a set of centrally primitive idempotents. So if R is a
semiprime quasi-Baer ring with Tdim(R) = n, then B(R) is a direct sum of n copies
of Z2, where B(R) is the Boolean ring of central idempotents of R. Thus there is
a one-to-one correspondence between Spec(B(R)) and MinSpec(R). Moreover it can
be seen that if B(R)e 2 Spec(B(R)), then eR is a minimal prime ideal P of R and
R=O(P)=R=eR=R=RB(R)e is a Pierce stalk (see [22,2,8] for details on Pierce stalks).
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According to Gordon and Small [15], a ring R is called a piecewise domain (or
simply, PWD) if there is a complete set of primitive idempotents fe1; : : : ; eng such that
xy=0 implies either x=0 or y=0 whenever x 2 eiRej and y 2 ejRek for 1  i; j; k  n.
A right PP ring with a complete set of primitive idempotents and a right nonsingular
ring which is a direct sum of uniform right ideals are PWD by [15]. Moreover it is
shown that every PWD is quasi-Baer by [7] and [23].
Noting that a ring with a complete set of primitive idempotents has a complete set
of triangulating idempotents by Proposition 2:14(i) in [7], every PWD is a quasi-Baer
ring with a complete set of triangulating idempotents. Therefore we get the following
corollary immediately from Theorem 3.12.
Corollary 3.13. The following conditions are equivalent:
(i) R is a PWD with  : R =  (Spec(R);K(R)).
(ii) R is a nite direct sum of prime PWD’s.
(iii) R is a semiprime PWD.
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